Lecture 11 



Review of Green's functions. 

GMxn — ^ M. 

Given x e CI, let hx{y) ■ ^ — > K be s.t. Ayhx{y) = and hx{y) = — r(|x — y\) for 
y G dn. 

By definition, G(x, y) = r{\x - y\) + Kiy). 

If Green's function exists, then for u G C^(0) n C^(0), y G O, we have 



Thus we can see: 
If u = on 50, then u{y) = G{x, y)Au{x)dx = G * Au. 

(Compare) By Green's formula, we have 
If u G Cl{W), then u{y) = T * Au. 

Proposition 1 a) G{x,y) = G{y,x); 

b) G{x, y) < 0, for x,y £ Q, x ^ y. 

c) G{x, y)f{y)dy as x ^ 50, where f is bounded and integrable. 

Proof of c): Prom definition, G{x,y) = if x G 0,y G dfl. 

By a), G{x, y) = for y G O, x G dU. 
Thus G:Uxn- {diag} — > M. 



Example. Green's function for 

Given y = {y^, ■ ■ ■ let y* = • • • ,y''"\ -y""). 

It is easy to check that G{x) = T{x — y)— T{x — y*) = V{x — y) — r(x* — y) is Green's 
function for W]^: 

*hx{y) = G{x, y) — T{x — y) is harmonic in O; 
•G{x,y) = on dCl. 

Review of Schwartz reflection. 

First we go back to harmonic functions. 
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Theorem 1 A C^{Cl) function u is harmonic if and only if for every ball Bji{y) CC CI, 
we have 

u(v) = =r — T / uds. 

Proof: =^ is just mean value theorem. 

■4^: Use the Poisson kerneh Given any Ball Bpi{y) C O, Define 

h{x) = 



Tii^nR JdB Ix-yl""-^ ' ^ ^R^ 

u{x) , X G dB. 



Then h G C^{Br) n C^{Br) and satisfies Att = 0. So /i satisfies the mean value 
property. Therefore u — h satisfies the mean value property and u = h on OBr. 

But recall the uniqueness theorem for solutions of Poisson's equation - we only used 
the mean value property. Therefore u = ^, so is harmonic. ■ 

Now suppose 0+ C M'l, T = n dW\. is a domain in dWi^. Let Q.' = {^+)* , i.e. 

= {{Xi,--- ,Xn) GM"|(xi,--- ,-Xn) € 

Suppose we have u harmonic in O"*", u e C°(0+ U T), and tt = on T. Define 



u{xi, ■■■ ,Xn) 



u{xi,---,Xn) , xU~^{JT, 
u{xi,- ■ ■ ,—Xn) , XEfl~. 



Theorem 2 The function u defined above is harmonic in Cl'^ UTUCl . 

Proof: Obviously u is in C°rJ+ U T U 17". 

If one examines the above proof, one only requires that for each point y E 0,, 3R > 
so that mean value property holds in Bj.(y),r < R. Also remember in the proof of 
maximum principle, we assumed that the function has a interior max, then use mean 
value theorem in small ball around this point. 

Certainly here we have this property in O"^ U Q~ , and on T if follows from the 
definition of u, JgBj^^xeT) = 0- ^ 



C^'" boundary estimate for Poisson's equation with flat boundary portion. 

Theorem 3 Let u E C^iB^) n C°(5+), / G C"*(S+), and Au = f in B^ , u = on 
T. Then u e C'^''^{B+) and 



\u 



lc2.«(S+) ^ ^(ll"llcO(B+) + ll/llc«(S+))- 
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Proof: Reflect / with respect to T, i.e. 

} (xj-/ (XI, ,x„j-| ^(^^ ... ^ 

Let D = B+\J U (B2 n T), then /* e C'"(^) and < 2||/||ca(B+)- Let 

G{x, y) be the Green's function of upper half space. Define 

a;(x) = / G{x,y)f{y)dy 

Jb+ 

= / iTix-y)-Tix-y*))fiy)dy 
Jb+ 

= [ {T{x-y)-T{x* -y))f{y)dy 
Jb+ 

= / ^{x - y)f{y)dy - / r{x - y)f*{y)dy. 
Jb^ Jb^ 

Then Au = f. It's easy to check that lo{x) = on T. Thus 

/ ^{x -y)f*{y)dy = / T{x - y)f*{y)dy - / T{x - y)f{y)dy, 
Jb- Jd JB+ 

so 

a;(x) = 2 / T{x- y)f{y)dy - f T{x- y)ny)dy. 

JB+ JD 

We did estimates for the first term earher. For the second term, think of C D 
and just use interior estimates from last week. We thus get 

ll'^ll(^2,a(S+) ^ C'll/IIC0.«(B+)- 

Let V = u — oj m. B2, then on we have Av = Au — Aoj = / — / = and v = 
on T. 

We may reflect v, then by Schwartz reflection we know that v* is harmonic in D. 
Now use the interior estimates for harmonic functions, we get 

\\v\\c2,^^B+) ^ C\\v*\\cO{D) < 2||?^||cO(D)- 

So 

ll'"llc2.«(B+) ^ ll^llc2.«(B+) + ll^llc2.«(B+) ^ ^(ll^llcO(B+) + ll/llc"(B+))- * 



Application: Global C^ " Regulsirity Theorem for Dirichlet problem in a ball 
with zero boundary data. 
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Theorem 4 Suppose B is a hall inW,ue C'^{B) nC°{B), f e C^iB), Au = f in 
B andu = on dB. Then u G C2'"(5). 

Proof: By dilation and translation, we can assume B = i?i/2(0, • • • , 0, ^). 

Look at the inversion x ^ Ix = then the ball B is mapped to a half space 
B* = {x\xn > 1} while dB is mapped onto dB* = {x„ = 1}. 

The Kelvin Transform of u is v{x) = \x\'^~'^u{j^) G C'^{B*) D C^{B*) and we have 

Ayv{y) = \yr-'AMx) = Ivr-'fi^) e 
By the previous theorem, u G C^'" up to the boundary. 

By rotation, we could do this for any boundary point, so G C^'". ■ 

Corollary 1 Suppose tp G C'^'°'{B),f G C°'{B). Then the Dirichlet problem 

( Au = f , xeB, 
\ u = If , X G dB. 

is uniquely solvable for u G C^'"(5). 

Proof:Thc existence of u comes from Perron's method. 

Since Aip G C°'{B), so let v be the unique solution of Av = f — Aip in B with u = 
on dB. Then v G C'-B) n C^{dB). By above result, v G C2'°(5). 

But u — (p solves the problem also: A{u — if) = Au — A(p = / — A(f in B;u — ip = 
on dB. By uniqueness, v = u — (p. So u e C^'°'{B). ■ 
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